Abstract. Symmetric skew balanced starters on n elements have been previously constructed for n = 4k + 3 a prime power and Hk + 5 a prime power. In this paper we give an approach for the general case n = 2"'k + 1 a prime power with k odd. In particular we show how this approach works for m = 2 and 3. Furthermore, we prove that for n of the general form and k > 9 ■ 23"', then a symmetric skew balanced starter always exists. It is known that a symmetric skew balanced starter on n elements, n odd, can be used to construct complete balanced Howell rotations (balanced Room squares) for « players and 2( // + 1 ) players, and in the case that n is congruent to 3 modulo 4, also for n + 1 players.
1. Introduction. Let 5,, 52,... ,5m be a family of subsets of the elements in GF(«) where « is an odd prime power. Let Z), = {x -x' for all x and x' in 5,, x ^ x'} denote the set of symmetric differences generated by 5,. Then 5,, 52,...,5OT are called supplementary difference sets (mod «) if Dx, D2,...,Dm together contain each nonzero element of GF(«) an equal number of times.
A set of m = (n -l)/2 pairs (xx, yx), (x2, y2),... ,(xm, ym) is called a starter if (i) the m pairs contain each nonzero element of GF(«) exactly once and (ii) the m pairs are supplementary difference sets (mod «). A starter is strong if (iii) jc, + yx, x2 + y2,.. .,xm + ym are all distinct elements of GF(«).
It is skew if in addition
(iv) ±(xx + yx), ±(x2 + y2),...,±(xm + ym) are all distinct.
A starter is balanced if (V) the two sets [xx, x2,... ,xm) and {>>,, y2,... ,ym) are supplementary difference sets (mod « ).
A starter is symmetric if (vi){xx,x2,...,xn,) = {-xx,-x2,...,-xm}.
It is well known [7] that a Room square of side « can be constructed from a strong starter modulo « by assigning the pair (x, +j, yj + j) to cell (j, xi + yt + j) for j -0,1,.. .,n -1, and the pair (oo, j) to cell (j, j) for j -0,1,. ..,n -1. If the starter is balanced or skew, then the constructed Room square is also balanced or skew. It is also known [4] that a strong balanced starter modulo « can be used to construct a complete balanced Howell rotation for « players and, if « = 3 mod 4, then also a complete balanced Howell rotation for « + 1 players [1] (which is equivalent to a balanced Room square of side «). Finally, it has been shown [5, 7] that a balanced Room square (or a complete balanced Howell rotation) for 2(« + 1) players can be constructed from a symmetric skew balanced starter modulo n.
Symmetric skew balanced starters have been constructed for the case n = 4k + 3 > 3 a prime power [1] , and for the case « = 8/< + 5>5a prime power [4, 5] . In this paper we give an approach for the general case « = 2mk + 1 a prime power with k odd (the two previous cases correspond to m -1 and m = 2). In particular we give a construction for the case m = 3 and prove an asymptotic result for the general case.
2. The general approach. Let GF*(«) denote the multiplicative group of GF(«). We quote a result of Bose [2] .
Bose Lemma. Let « = 4k + I be a prime power and let x be a generator of GF*(n). Then the two sets {x2, x4,... ,x4k} and {x, x3,...,x4k~*} are supplementary difference sets (mod « ).
From now on we will always assume that « is a prime power of the form 2mk + 1 where k is odd and m > 2. Let x be a generator of GF*(«) and for any element V G GF*(«), we write T(y) = z if y = xz. Theorem 1. Suppose that there exists an element y E GF*(«) satisfying
Then the set of (n -I)/2 pairs {x2m,+2J+\x2"'l+2J+2), i = Q,l,...,kl,y = 0,l,...,2m-2-l,
is a symmetric skew balanced starter.
Proof. That the n -1 elements in the (n -l)/2 pairs are all distinct powers of x follows from condition (i). That the (« -l)/2 pairs are supplementary difference sets follows from condition (ii). Therefore the set of (n -l)/2 pairs is a starter. The "skew" property comes from condition (iii). The "symmetric" and the "balanced" properties come from the fact that y is an odd power of x and the Bose Lemma. □ The next task is to prove the existence of an element y satisfying the three conditions of Theorem 1. Let Y denote the set of elements satisfying conditions (i), (ii), (iii). Let Y' denote the set of elements y satisfying conditions (i), (ii'), (iii') where (ii') T(y -l) = T(x-l)+ I mod 2, (iii') T(y + 1) = T(x + I) + I mod 2. The complete balanced Howell rotations constructed by using Corollaries 1 and 2 are all new, except for those « for which «-1=3 mod 4 and « -1 is a prime power.
4. An asymptotic result. The cyclotomic numbers for the m = 4 case are known [3, 9] . However, there are too many equations and parameters which determine the cyclotomic numbers to go through and there are too many cases of|Z|+|i/|-\V\ to check. Therefore we change direction from proving complete results for a single m to proving asymptotic results for all m. 
